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?—( , Abstract. In this paper, we consider a diffusion process with jumps whose drift and jump 

»~^' coefficient depend on an unknown parameter. We then give a self-contained proof of the local 

■^^ ' asymptotic mixed normahty (LAMN) property when the process is observed continuously 

f0y. , in a time interval [0,T] as T ^ +00, and derive, as a consequence, the local asymptotic 

»vj ' normality (LAN) property in the ergodic case. For this, we give a proof of a Girsanov's 

theorem and a Central Limit theorem for a pure jump martingale. Our results could be 
viewed as a consequence of the LAMN property for semimartingales proved by Luschgy 
P^ ' [TS], using the Girsanov's theorem for semimartingales obtained in Jacod and Shiryaev ^, 

Q^ I and the Central Limit theorem for semimartingales established by Sorensen 21 and Feigin 

[3] . The aim of this paper is to present a proof of these results without using this abstract 
semimartingale theory but integral equations with respect to Poisson random measures. 






1. Introduction 



> : On a complete probability space (n, F, P) we consider a d-dimensional process X^ solution 

\^ • to the following stochastic differential equation with jumps: 

^: 

■^ ; dXt = a{9,Xt)dt + a{Xt)dBt+ c{e,Xt^,z){pe{dt,dz) - ve{dz)dt), t > 0, (1.1) 

C^ \ where the initial condition Xq is a random variable with finite second moment, Mq = M \{0}, 

the unknown parameter 6 belongs to an open subset G of M^, for some integer /c > 1, 
B = {Bt}t>o is a d-dimensional standard Brownian motion, andpe((it, dz) is a Poisson random 

S^ \ measure on M_|_ x Mq, independent of B with intensity measure V0{dz)dt = f{9, z)dzdt. Here, 

H ■ i^e{dz) is a Levy measure on Mq such that J^d{l A |zp)i/e(dz) < c«, for all 6 ^ Q, and 

its Levy density / : x M'^ — ;> M.^ is a Borel function such that f{9, {0}) = and X{9) := 
J^d f{9, z)dz < 00, for all G G, which implies that the number of jumps of X^ is almost surely 
finite in finite time intervals. The measure pQ{dt,dz) — iyg{dz)dt denotes the compensated 
Poisson random measure associated with pg{dt,dz). 

The coefficients a = (oj) and c = (cj) are R^'-valued Borel functions on G x M^ and 
G X M X Mq, respectively, and a = {(Jij) is a d x d invertible Borel matrix on M . 
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We let {J-^t}t>o denote the natural filtration generated by the Brownian motion and the 
Poisson random measure. By definition, the solution to equation (ll.ip is a cadlag and {J^t}- 
adapted d-dimensional stochastic process X = {Xt}t>o defined on the filtered probability 
space (fi, J^, {J"t}(>o,P) such that 



Xt = Xo+ [ a{e,Xs)ds+ I a{Xs)dBs+ I I c{9,Xs 

Jo Jo Jo JRi 



,z){pg{ds,dz) — i'g{dz)ds). (1.2) 



For any 6* £ G, we denote by Fg the probability measure induced by the solution X^ of (jl.ip 
on the canonical space (Z?(M°'),i3(M'^)), where D{M.'^) denotes the space of cadlag functions 
from W^ to M'^, and B{M.'^) its associated Borel a-algebra. Moreover, for any T > 0, we let 
P^ denote the probability measure generated by the process X^ = {Xt : < t < T} solving 
equation (II. ip under the parameter 6 on the measurable space {D[0,T],B[0,T]). Therefore, 
Pg is the restriction of Pg to Tt- For any S 0, we denote by Eg the expectation with 

respect to the probability law Pg , and — > and — > denote the convergence in Pg-probability 
and the convergence in law under Pg, respectively. 

In this paper, we are interested in the statistical inference for G G on the basis of 
continuous-time observations of the process X^ = {Xt : < t < T} in the time interval 
[0, r], as T tends to +oo. Let us start by recalling the concepts on asymptotic statistical 
inference that we are interested in for our continuously observed parametric model. 

We define the log-likelihood function of the family of probability measures {Pj)g^Q as 

M^) = iog||, 

where P"^ is a probability measure on (D[0,r],i3[0,T]) satisfying that Pj is absolutely con- 
tinuous with respect to P"^, for all T > and G G. 

The score function, when it exists, is given by the gradient Vgl!.T{^)- We say that the score 
function is asymptotically normal if, for any G G, there exists a k x k non-random diagonal 
matrix '^t{0) whose entries are strictly positive and tend to zero as T — )• oo, and a k x k 
positive definite random matrix T{9), such that as T — )• oo, 

MOWeirie) ""-^^ r(0)V2AA(o,4), (1.3) 

where M{0,lk) denotes a centered M'^-valued Gaussian variable independent of T{6) with 
identity covariance matrix J^. In this case, the matrix T{9) is called the asymptotic Fisher 
information matrix of the model. 

The family of probability measures (Pj)eee is said to have the local asymptotic mixed 
normality (LAMN) property if for any G G and li G M , as T — )■ oo, 

log -^^^ ^i^) u-'T{e)y'M{0, h) - -u'n9)u, (1.4) 

where A/'(0, Ik), ^j^ {9), and T{9) are as in ()1.3p . In this case, we say that the LAMN property 
holds with rate of convergence ip^ (9) and conditional covariance matrix T(9). When the 
matrix T{9) is deterministic, we say that the LAN property holds. 



Observe that ()1.4p is equivalent to 

log ^igii^ = iT{e + MO)u) - trie) 

= u^MoWeirie) - lu'r{e)u + op,(i), 

where ipT{0)V e^TiO) converges in law to r(6')-'^/^7V(0, 1^) under Pg as T — > oo. 

The aim of this paper is to revise sufficient conditions in order to have the asymptotic 
normality of the score function and the LAMN property for our diffusion model with jumps 
(|l.ip . This problem was addressed by Luschgy for semimartingales in [15j . by using the 
Girsanov's theorem for semimartingales established by Jacod and Shiryaev (see O Theorem 
III.3.24]), and the Central Limit theorem for multivariate martingales proved by S0rensen 
(see [21| Theorem A.l]), as an extension of the Central Limit theorem for one-dimensional 
martingales [3l Theorem 2] by Feigin. We remark that the stochastic process with jumps 
(|1.2p is a semimartingale. Therefore, Luschgy's theorem applies and one can derive sufficient 
conditions on the coefficients in order to have the LAMN property. The aim of this paper is to 
present a self-contained proof of the LAMN property for the solution X of (ll.ip by following 
the proof of Luschgy but proving a Girsanov's theorem and a Central Limit theorem without 
using the fact that we have a semimartingale, but using the integral equation ()1.2p . We then 
deduce the LAN property with an explicit asymptotic Fisher information matrix in the case 
where the process X is ergodic. To obtain our results, the first step consists in transforming 
equation (jl.ip into a new stochastic differential equation with jumps driven by a compound 
Poisson process. Notice that this approach was also employed by S0rensen in [21]. One of the 
motivations of writing this paper is that we are investigating in a further paper the LAMN 
property for the stochastic differential equations with jumps (|l.ip with discrete observations 
in a time interval [0, T] as T — )• oo, which has never been addressed in the literature. For 
this, we think it is essential to first understand the proof of this property in the continuously 
observed case but without using the asbtract semimartingale theory, but integral equations 
with respect to Poisson random measures. 

As is well known, the local asymptotic normality (LAN) property is a fundamental concept 
in asymptotic theory of statistics, which was introduced by Le Cam (see [14j) and extended 
by Jeganathan to the local asymptotic mixed normality (LAMN) property (see [lO]). Such 
properties have largely been studied in the literature. More precisely, when the process 
is observed continuously, the LAN property was studied by Kutoyants in [13] for ergodic 
diffusion processes. As mentioned before, Luschgy in pjj proved the LAMN property for 
semimartingales. In the case of discrete observations at high frequency, Gobet in [5] and [6] 
obtained the LAMN and LAN properties for multidimensional diffusion processes. For this, 
techniques of the Malliavin calculus were applied in order to derive a representation of the 
log-likelihood function in terms of a conditional expectation. Moreover, in the same direction, 
Gobet and Gloter in [3j showed that the LAMN property is satisfied for hidden processes. The 
LAN property is also addressed for stable processes by Woerner in p^ and for normal inverse 
Gaussian Levy processes by Kawai and Masuda in [11]. Recently, using tools of the Malliavin 
calculus, Clement and al. in [2j have established the LAMN property for a parametric model 
with jumps in which the unknown parameter determines the amplitude of the jumps. Last but 
not least, S0rensen establishes the asymptotic normality of the score function for our diffusion 
process (jl.lj) as a consequence of the Girsanov's theorem for semimartingales established 
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by Jacod and Memin in [8], and studies asymptotic properties of the maximum likelihood 
estimator in some particular cases. 

This paper is organized as follows. In Section 2, we provide sufficient conditions and prove 
the asymptotic normality of the score function as well as the LAMN property for the sto- 
chastic differential equation with jumps (jl.ip . Studying the LAMN property from continuous 
observations is based on the Girsanov's theorem for equivalent probability measures. There- 
fore, we will give a proof of this fundamental result in Section 3. A Central Limit theorem for 
a stochastic integral with respect to a compensated Poisson random measure is also needed 
and this will be proved in Section 4. The proof of the LAN property in the ergodic case 
as a consequence of the LAMN property is given in Section 5. Finally, Section 6 deals with 
a concrete example where the LAMN and LAN properties are satisfied and the maximum 
likelihood estimator is asymptotically efficient in some particular cases. 

2. LAMN PROPERTY FOR JUMP DIFFUSIONS 

The aim of this section is to give sufficient conditions in order to have the asymptotic 
normality of the score function and the LAMN property for our stochastic differential equation 
with jumps (II. ip . To this purpose, let us first recall the result on the existence and uniqueness 
of the solution to our integral equation (jl.2j) . that is. 



Xt = XQ+ I a{6,Xs)ds+ I a{Xs)dBs+ I I c(0,X,_, 

Jo Jo Jo JRf, 



-,z){pg{ds,dz) — U0{dz)ds). 

Consider the following Lipschitz continuity and linear growth conditions on the coefficients. 

( Al) There exist a constant L > and a function C : Mq — t- M+ satisfying that f^a C'^{z)i^e{dz) < 
oo, for all 9 e Q, such that for any x, y G M*^, z G Mq, and G 9, 

\a{9,x)-a{9,y)\ + \a{x) - (7{y)\ < L\x-y\, \a{9,x)\ < L(l + |x|), 
\c{9,x,z)-c{9,y,z)\ <C{z)\x-y\, \c{9,x,z)\ < C{z){l + \x\). 

Theorem 2.1. [9l Theorem in-2-32] Under condition (Al), there exists a unique cadlag 
and adapted process X^ = {Xt}t>o solution to equation (|l.ip on the filtered probability space 
(il,-F, {-Fi}t>o,P). Moreover, for any fixed p > and T > 0, there exists a constant Cp^x > 
such that for all to G (0, T] and t G [tQ, T], 



E 



sup \Xs - Xtol"^ 

to<S<t 



< Cp,T{t - to)(^/'^^'E [(1 + |Xtj2)P/2l . (2.1) 



Let us now proceed as in |21j to transform our equation (|l.ip into a new stochastic differ- 
ential equation with jumps driven by a compound Poisson process via a change of variables. 

For each {9,x) G x M*^ fixed, we assume that the mapping z G Mq i— )■ y = c{9,x,z) G 
Im(c) n Mq has a continuous differentiable inverse y G Im(c) n Mq i— )• z = c^^{9,x,y) G Mq 
with Jacobian matrix J{9,x,y) such that det{J{9,x,y)) ^ 0, for all y G Im(c) n Mq. 

Set *(6',x,y) = f{9,c-^{9,x,y))\det{J{9,x,y))\, and suppose that for all {9,x) G G x M'^, 

c{9,x,z)ve{dz) < +cxd. 

d 




Then equation (jl.ip can be rewritten as follows (see [9, Proposition II. 1.28]) 
dXt = b{9, Xt)dt + cj{Xt)dBt + / yNe{dt, dy), 

Jin 

where the function 6 : x M — )• M is given by 

b{e,Xt) = ai9,Xt)- [ c{e,Xt-,z)ue{dz)=a{e,Xt)- I yMdy), 



/im(c)nR;^ 



(2.2) 



and NQ{dt, dy) is a new Poisson random measure on M-|- x Im(c) n Mg with intensity measure 
Hg{dy)dt = ^{6, Xt-,y)dydt. Observe that X{9) = J^d tJ-eidy) < oo, P^-a.s. Thus, Ng^dt, dy) — 

fj,g{dy)dt is a new compensated Poisson random measure associated with Ng{dt,dy). 

To simplify the exposition we assume that Im(c) = M . 

In order to have the asymptotic normality of the score function and the LAMN property, 
we assume that there exists a k x k non-random diagonal matrix (Pt{0) whose entries are 
strictly positive and tend to zero as T — )• oo, and such that the following conditions hold. 

(A2) The functions a{9, x) and ^(0, x, y) are differentiable with respect to 0, and the func- 
tions ^{6,x,y) and V0"^{0,x,y) are continuous in 0. 

(A3) There exists a k x k random symmetric non-negative definite random matrix Ti{9) 
such that for all n G M'^, as T — )• oo, 

/ \a-\Xt)Veb{e,Xt)MOWdt A u'ri{e)u, 
Jo 

uniformly in 9 £ Q. 

(A4) There exists a k x k random symmetric non-negative definite random inatrix r2(^) 
such that for all n G R'^, as T — > oo, 

V(^T(^)Veln(^(0,Xt_,y))) ^Lgidy)dt A u^T2ie)u, 

uniformly in 9 £ Q. 

(A5) For every T > and 6* e 9, 



Eg 

+ E, 



iVeb{9,Xt))''ia-\Xt))^a-HXt)Vebi9,Xt)dt 



(Ve In {^{9, Xt-,y)))'^Vg In {^{9, Xt_,y)) iJig{dy)dt 



(2.3) 



< oo. 



and the matrix T{9) := Ti{9) + ^2{9) is positive definite. 
(A6) For all e > and u € M'', 

tends to as T tends to oo, uniformly in G 0. 



dydt 
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(A7) For all n G M'', as T ^ oo, 

[ \a-\Xt){b{9 + ipT{9)u,Xt)-b{e,Xt)-Veb{e,Xt)ipT{e)u)fdt^0, 
Jo 

uniformly in 6 £ Q. 

(A8) For all n G E'^, as T ^ oo, 

Jo Jm^ V *(6',^t-,y) J 

uniformly in ^ G 0. 

We first state the asymptotic normality of the score function. 

Theorem 2.2. Suppose that conditions (A1)-(A6) are fulfilled. Then the score function is 
asymptotically normal uniformly for all 6 £ @ with asymptotic Fisher information matrix 
T{6). That is, as T ^ oo, 



ipT 



{9)Ve£T{e)''-^^T{e)'/^J^{0,h), 



uniformly in 9 £ @, where J\f{0,lk) is a centered M. -valued Gaussian variable independent of 

no)- 



^dt 



Proof. By Girsanov's Theorem l3.lt the log-likelihood function is given by 

= / a-\Xt){b{9,Xt)-b{9Q,Xt))-dBt-\ f \a-\Xt){b{9,Xt) - b{9o,Xt)) 
Jo ^ Jo 

/■^ /■ ^(9,Xt.,y) ,^ r I ( ^{9,Xt-,y) x 

for any 9o £ @. 

Therefore, the score function is given by 

VeiT{9) = [ a-\Xt)Veb{9,Xt) • {dBt - a-\Xt) {b{9,Xt) - b{9o,Xt))) 
Jo 

+ [ [ Veln{^{9,Xt^,y)){Ne{dt,dy)-i^e{dy)dt). 
Jo Jr^ 

Now, by the classical Girsanov's Theorem, the process W = {Wt,0 <t<T) defined as 

Wt = Bt- f a-\Xs){b{9,Xs)-b{9o,Xs))ds 
Jo 

is an {J-'t,0 <t< T)-Brownian motion under Pg. Therefore, under Pg, 



VeiriO) = f a-\Xt)Veb{9,Xt) ■ dWt 
Jo 



+ / / Veln{^{9,Xt^,y)){Ne{dt,dy)-fie{dy)dt). 



Q ./TDid 



Finally, observe that by (|2.3p . Ve^-rC^) is a square integrable Pg-martingale. Then, from 
the Central Limit Theorems |191 Theorem 1.50] and 14. H we obtain the desired result. D 

We next state the LAMN property for the jump diffusion process solution to p.ip on the 
time interval [0,T]. 

Theorem 2.3. Suppose that conditions (A1)-(A8) are fulfilled. Then the LAMN property 
holds uniformly for all 9 ^ Q with rate of convergence ip^ {9) and asymptotic Fisher infor- 
mation matrix T[9). That is, for all u G M , as T ^- oo, 

log ^±^ ^n^ n^m^/^Mio, 4) - '-u-'mu, 

uniformly in 9 £ @, where J\f{0,lk) is a centered M. -valued Gaussian variable independent of 

ri9). 

Remark 2.4. We observe that conditions (A3) and (A4), (A7) and (A8) are the same as 
conditions (L), (D.l) and (D.3) of Luschgy [15j, respectively. Moreover, condition (A6) 
implies his condition (J. 3). Therefore, Theorem l2.3l is a consequence of Theorem 1 of Luschgy 
|15j . Observe that we do not need his condition (J.l) because we are assuming the stronger 
condition (A6). Will use this condition in order to obtain a Central Limit theorem for a 
stochastic integral with respect to a compensated Poisson random measure (see Theorem 
14.11 below) . Finally, remark that we do not need his convergence condition (R) since he is 
using this condition in order to establish the stable convergence which is stronger than the 
convergence in distribution. 

Proof. Fix u £ M.^ and 6* G G, and apply Girsanov's Theorem 13.11 with 9o = 9 -\- ipt{9)u, to 
get that 



'd 



log— ^ = L^ + 4, (2.4) 



where the continuous part L^ and the discontinuous part L^ are respectively given by 

f-T 1 f-T 

|2, 



t){b{9o,Xt)-b{9,Xt))\'dt, 



L't=[ (y-HXt){b{9o,Xt)-b{9,Xt))-dBt-^f \a~\X-, 



First, we treat the continuous part Lj,. Adding and substracting the vector \7gb{9, Xt)(pj-{9)u., 
we get that 

rT 



L't= I a-\Xt){b{9o,Xt)-b{9,Xt)-Veb{9,Xt)Md)u)-dBt 
Jo 

+ 1 a-\Xt)Vebi9,Xt)ipTie)u-dBt 
Jo 

\a-\Xt) {b{9o,Xt) - h{9,Xt) - Veb{9,Xt)^T{e)u) pdt 



2./0 
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f \a~\Xt)Veb{e,Xt)ipT{0)u\^dt 



u'MO) {yeb{e,Xt)f {a-\Xt))''a-\Xt) {b{9o,Xt) - b{e,Xt) - V eb{e,Xt)ipT{e)u) dt. 

'0 

From hypothesis (A3) and the multidimensional Central Limit theorem for stochastic inte- 
grals with respect to Brownian motion (see [191 Theorem 1.50]), we get that as T — > oo, 

/ a-\Xt)Veb{e, Xt)ipT{0)u ■ dBt '^^^ u'Vi {efl^Mi^, h) 
Jo 

uniformly in 6* G G, where AA(0, 1^) is a centered M'^-valued Gaussian variable independent of 

ri(0). 

Now, by hypothesis (A7), the quadratic variation of the martingale 

T 

(j-\Xt) {b{eo,Xt) - b{d,Xt) - Veb{e,Xt)ipT{e)u) ■ dBt 



tends to zero in Pg-probability as T — )• oo uniformly in E 0. Thus, so does the martingale. 
Now, using the Cauchy-Schwarz inequality, one gets that 

u^MO){^eb{9,Xt)f{a-\Xt))'^a-HXt){b{9o,Xt)-b{e,Xt)-deb{9,Xt)MO)u)dt 



T \ 1/2 



< (f \a-\Xt)Veb{9,Xt)M0)u\''dt] 



/ .T X 1/2 

xil \a-\Xt){b{9o,Xt)-b{9,Xt)-Veb{9,Xt)M0)u)\^dt\ . 

Therefore, from (A3) and (A7), we conclude that as T — t- oo, 

L-^ ^J£^) u'Ti{9)'/'Af{0,h) - lu'T,{9)u, (2.5) 

uniformly in E 0. 

Next, we study the term L^. Adding and substracting the terms u^^t{9)V0 In (^(6*, Xt- , y)) 
and i {u^ ^pT i9)Vg In {^ {9, Xt-,y)))'^, we get that 

Lt= I I u'ipT{9)Ve In {^ {9, Xt-,y))(Ne{dt,dy)-Mdy)dt) 



JRfJ 



1 '■^ 



2 

+ 



JMg 



u'^T{e)V9 In {^{9, Xt^.y))) fieidy)dt 



V^T(e)Ve In {^{9, Xt_,y))) ' {Ng{dt, dy) - Mdy)dt). 



Ne{dt,dy) 



2./0 _. 



By hypothesis (A8), the quadratic characteristic of the martingale 

tends to zero in Pg-probabihty as T — )• oo uniformly in € 0. Thus, so does the martingale. 

Then, appealing to Lemmas 12.51 and l2.6l below and the Central Limit Theorem l4.1l together 
with hypotheses (A4), (A6) and (A8), we conclude that as T — t- oo, 

4 ^Zf) u'V^ief'^NiQ, h) - \u'T2{e)u, (2.6) 

uniformly in G 0, where A/'(0, Ik) is a centered M'^-valued Gaussian variable independent of 

Finally, substituting (12. 5p and (12. 6p into (j2.4j) . we conclude the desired proof. D 

We are left to prove the following Lemmas. 

Lemma 2.5. Assume that the function 11^(9, x,y) is differentiable with respect to 9 and hy- 
potheses (A4) and (A6) hold. Then, as T ^ oo, 

/ (u'^M0)^eln{^{9,Xt-,y)))\Neidt,dy) - fie{dy)dt) ^0, 

uniformly in 9 ^ Q. 



Proof. First observe that hypothesis (A6) implies that for all e > and u G R , as T — )■ oo, 
the martingale 

JO J M/1 

tends to zero in Pg-probability uniformly in 9 £ @. 

Furthermore, for all e > and u S M , the quadratic characteristic of the martingale 

/ [a (^^^^(^)^^l^('^(^'^*-'y)))'l{h^VTWVflin(vt(e,x,_,;;))|<.}(^e(dt,ciy) -/ie(dy)dt) 

equals 

J y ^ (^"^V'T(6')Veln(^(0,Xi_,y))) i{\uT^^(^e)VoH^i0,x,.,y))\<e}l^e{dy)dt 

JO JM.Q 

Therefore, assumption (A4) concludes the proof of the lemma. D 

Lemma 2.6. Assume that the function iIj{9, x, y) is differentiable with respect to 9 and that 
hypotheses (A4), (A6), and (A8) hold. Then, as T ^ oo, 

tends to zero in P0 -probability uniformly in 9 £ 0. 
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Proof. Consider the function f{y — 1) = ln(y) — (y — 1) + ^(y — 1)^ defined for all y > 0. 
Then, for all x, 



ln{y) - y + 1 + 1x2 = /(y - 1) - i((y - 1)^ - x^) 



Therefore, 



JR^ 



^ie,Xt^,y) ^{e,Xt_,y) 



+ l + ^(yiPTi9)Veln{^{e,Xt-,y))y) Ne{dt,dy) 







^{eo,Xt-,y) 
^ie,Xt_,y) 



u'^T{0)Ve In (^(0, Xt-.y))) \ Ne{dt, dy). 



Now, observe that for any T > 0, 
'■^ '■ '^{e^,Xt-,y) 



Ee 



*(^,^t-,y) 



l-7/V(^)Veln(*(e,Xi_,y))) Ne{dt,dy) 



E« 



Efl 



E 

0<s<T;AXs7^0 



*(^0,^s-,AX,) 



l-txVWVeln(^(^,X,_,AX,)) 






where, AXs = X^ — Xg- denotes the jump of Xs at time s. 

Therefore, the process J^ 4, {^^h^^ _ l _ u^ifriOWe ln(^(0, Xt-,y))) ^ Ne{dt, dy) 
is dominated in the sense of Lenglart by its compensator process 

for any T > 0. Thus, by Lenglart's inequality Pj Lemma 3.30], we have that for all T > 
and e, 7/ > 0, 

Hence, hypothesis (A8) implies that for all u G M , as T — t- 00, 



<^ + P, 



JM.f-, 



T 



i^Z^Z2^_l_^V(0)Veln(M/(0,Xt_,y))) Ne{dt,dy) 



tends to zero in Pe-probability uniformly in G 0. 



11 



Thus, from hypothesis (A4) and the equality a^ — 6^ = (a — b)^ + 2b{a — 6), we conclude 
that for all u £ M*^, as T — ;> oo, 

n^ili mxl::') -')^- ("V«')V„ln(*(«.X._.,))) = } N,i,t,,y, (2.7) 

tends to zero in Pg-probability uniformly in G 0. 
We next show that for every e > 0, as T — )• oo, 



'^iO,Xt-,y) 



uniformly in 9 G Q 
Observe that 

r-T 



i7./(1tt^-rf,*(^o.A-.-..)., i'^"**"^* 



f ^jeo, 



^iO,Xt-,y) 



-1 >e 



E n^ 



X,-,AX, 



0<s<T:AXsf^O 



V^(0,X,_,AX, 



11 






— 1 >e 



and 



^ '^o < -rrrr-r^ ^-1 ><: > 0<s<T:AX.,7^0 



^{0,Xt.,y) 
Hence, for all a > 0, 



^{e,Xs-,AXs: 



'1 >e 



T 



JR^ 



f 



^{eo,Xt-,y) 



11 



n0o,X,^,y) , ]^^(rf*'rfy) 



^(^,^t-,y) 



c 



''■^{e,Xt.,y) i^J 



1 >e 



> . 



> a 



Therefore, in order to prove (j2.8p , it suffices to show that for every e > 0, as T — )• oo, 
I LU Meo,X,^,y) ^Neidt,dy)^0, 



(2.9) 



uniformly in 9 G Q. 
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For this, we write 

i-T 



L /./f| y..5.-y) ^1 j'^"'"'-"^) 



< 



^{e,Xt-,y) 



+ 



^(^o,^t-,y) 



-l-u^VT{e)V0 \n{^(e,Xt-,y)) 



Ne{dt,dy) 






X 1 



^i9o,Xt-,y) 



-l-'uT<^T(e)Veln(*(e,Xt_,y)) 



■»} 



Ng{dt,dy). 



'i'{0,Xt-,y) 

Then, using hypotheses (A6) and (A8) we obtain (|2.9p . and hence (|2.8 
Now, since |/(2;)| < 2\x\^ if |x| < 2j we have for every < e < 2, 







<2 



<2e 









j^M{0,Xt-,y) I f, ^(go,X,_,jy) ,^] 



Neidt,dy) 



T 



^{eo,Xt_,y) 
^iO,Xt-,y) 



^{0,Xt-,y) 



1 Ng{dt,dy) 



Thus, from hypothesis (A4) and (j2.7p . we conclude that for every e > 0, as T — ;■ oo, 







^ '■ f ^{9o,Xt-,y) 
^\^{e,Xt^,y) 



^ieo,Xt_,y) 
^ie,Xt^,y) 

uniformly in 9 £ Q, which finishes the desired proof. 



1 <e 



Neidt,dy)^0, 



D 



We end this section by recalling an important consequence of the asymptotic normality of 
the score function and the LAMN property, which is the conditional convolution theorem. 

First, recall that a family of estimators {6t)t>o of the parameter 6 is called regular at 9 if 
for any u G M'^, as T ^ oo, 

^:^\9) [9t - {9 + M9)u)) ^^^«±^<*>") V{9), 

for some R -valued random variable V{9). 
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Note that taking u = 0, this imphes that as T — )• oo, 

The conditional convohition theorem says that when the asymptotic normahty of the score 
function and the LAMN property hold, the asymptotic distribution of any family of regular 
estimators of the parameter 9 is characterized by a conditional convolution between a Gaussian 
law and some others laws. More precisely, 

Theorem 2.7 (Conditional convolution theorem). |7l Theorem 9.1] Suppose that the family 
of probability measures (P^)eee satisfies the LAMN property at a point 6. Let {9t)t>o ^e a 
regular family of estimators of the parameter 9. Then the law ofV{9) conditionally on T{9) 
is a convolution between J\f {fd,T{9)~^^ and some other law Gpre) on Mf^ , that is, 

£(y(0)|r(0))=AA(o,r(0)-i)*Gr(,), 

where Gr(6») ^-5 ihe limiting distribution law under Vq of the difference 

if^\9) {9t -e)- T{9r\T{9)VeiT{9), 

as T ^ oo, that is, 

Grie)=V{e)-M{0,Tie)-'). 

This theorem yields the following definition. A family of estimators {9t)t>o of the param- 
eter 9 is called asymptotically efficient if as T — t- oo, 

^^\e) (eV - 9) "--^^ r(0)-i/2AA(o,4), 

where AA(0,/fc) and T{9) are independent. 

For instance, a family of estimators {6t)t>o of 6 which satisfy 

'PtH9) {9t - 0) = <^r'(^) {^em)T^ V9iT{9) + op,(l) 
are regular and asymptotically efficient at 9. 

3. GiRSANOv's Theorem 

This section is devoted to prove Girsanov's theorem for the diffusion process with jumps 
(jl.ip . which is needed in the proof of Theorems l2.2l and l2.31 Let us recall that in [21], S0rensen 
deals with the same diffusion process with jumps (jl.ip but where the dimension of space 
on which the jumps of the Poisson random measure pg{dt,dz) are defined can be different 
from that of X^ . The author gives sufficient conditions for the equivalence of all probability 
measures and then derives a complicated expression of the Radon-Nikodym derivative (see 
|2H Theorem 2.1]). For the proof of this result, the author reduces to check the validity of 
the conditions of Girsanov's theorem for semimartingales established by Jacod and Memin 
(see [8, Theorem 4.2 and 4.5(b)]). In our context, we obtain an explicit expression of the 
Radon-Nikodym derivative with a direct proof of Girsanov's theorem. 
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Theorem 3.1 (Girsanov's theorem). Assume condition (Al). Then for all 9,9q G Q, the 
probability measures Pj and Pj are equivalent. Furthermore, their Radon- Nikodym derivative 
is given by 

= exp I y a-\Xt) (6(^0, Xt) - b{e, Xt)) ■ dBt - ^ J \<J-\Xt) {b{9o,Xt) - b{9, Xt)) \''dt 

Jo JwLf, '^{0,Xt-,y) Jo J^d\'^{e,Xt-,y) ) J 

Proof. On the filtered probabihty space {Q,,T,{Tt}t£[o^T]j^)j 'we denote by X^ = {-^^4,0 < 
t < T} and Y'^ = {Yt, <t <T} the solutions to equation (jl.ip with parameters 6* G and 
6*0 € 0, respectively. Let PjjPT be the probability measures on the space {D[0,T],B[0,T]) 
generated by the two processes, respectively. 

Recall that each equation can be written as 

Xt = Xo+ I b{9,X,)ds+ I a{Xs)dBs+ [ [ yNe{ds,dy), (3.1) 

Jo Jo Jo Jr^ 

where Ng{dt.,dy) is a Poisson random measure with intensity fj,g{dy)dt = '^{9,Xt-,y)dydt, 
and 

Yt = Yo+ f b{9o,Ys)ds+ f a{Ys)dBs+ f f yN'g^^{ds,dy), (3.2) 

Jo Jo Jo Jr^ 

where Ng {dt,dy) is a Poisson random measure with intensity fig (dy)dt = ^ {9Q,Yt- , y)dydt. 

Forte [0,r], set 

Lt = exp I / a-\Xs) (6(^o,^s) - b{9,Xs)) ■ dB^ - ^ f \ct-\Xs) {b{9o,X,) - b{9,Xs)) pds 

+ / / ^" ,j,(a V ^Ne{ds,dy)- / I - l]ng{dy)ds\. 

Jo Jr^ ^i9,Xs-,y) Jo Jf,d\^{9,Xs-,y) ) J 

By Ito's formula, 

Lt = \^ I L,a-\X,){b{9o,Xs)-b{9,X,))-dBs 
Jo 



Hence, {Lt, < t < T) is a non-negative (J-t, < t < T)-martingale under P and Ep(Lt) = 1 
for all t G [0,T]. On the space (0, J^), we consider the probability measure Q defined as 

dQ{(jj) = LT{yj)dP{oj), for all w G O, 

and the process W = {Wt, < t <T) given by 

Wt = Bt- f a-\Xs){b{9o,Xs)-b{9,Xs))ds. 
Jo 
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Then, by the classical Girsanov's theorem, W is an (J^j,0 <t< T)-Brownian motion under 
Q. 

Recall that under P, the compensator of NQ{dt, dy) is given by iJ.g{dy)dt = '^{0, Xt_ , y)dydt. 
We are going to show that under Q, the compensator of Ng{dt,dy) has a representation of 

the form 

^ieo,Xt-,y) 

-— -^ -He[.dy)dt = fig^{dy)dt. 

For this, it suffices to prove that the process H = {Ht,0 <t<T) defined as 

Ht= f [ K{s,y){Ne{ds,dy) - iieMy)ds) 

Jo JRf^ 

is a martingale under Q, where the mapping K : [0,T] x Mq x — )■ M*^ is predictable and 
satisfies that 

|2, 



E, 



Q 



\K{t,y)\'fieo{dy)dt 





< +00. 



By Ito's formula, it yields that, under P, 

d{LtHt) = LtdHt + HtdLt + d[L, H]t 

= HtLta-\Xt) ib{eo,Xt) - h{e,Xt)) ■ dBt 

/*- i T{9^,xr,y) ~^) imdt,dy)-f^o{dy)dt) 

+ f Lt.K{t,y fl^^'f-'y^ iNe{dt,dy) - iie{dy)dt) . 

Hence, the product process {LfHt, < t < T) is an (J^ti < t < T)-martingale under P. Thus, 
from Hayes's formula, we obtain that H = {Ht,0 < t < T) is an {J-t,0 <t< r)-martingale 
under Q. 

Now, under Q, equation (I3.ip writes as 

Xt = Xo+ [ bieo,Xs)ds+ [ a{Xs)dWs+ I I yNe,ids,dy), (3.3) 

Jo Jo Jo JRg 

where Ngg{dt, dy) is a Poisson random measure whose intensity measure is given by ^e^ {dy)dt = 
'${6o,Xt-,y)dydt. Therefore, {X,W,NgQ,Q) is a weak solution to (13. 2p with initial condition 
Xq = Yq. By the weak uniqueness of solutions to stochastic differential equations with jumps, 
the law of X under Q coincides with the law of Y under P. Consequently, we conclude that 
P^ is absolutely continuous with respect to Pj. Proceeding in the same way, we also obtain 
that FJ is absolutely continuous with respect to Pj, which implies that P^ and PT are 
equivalent and their Radon-Nikodym derivative is given by Lt- 

This completes the proof of the theorem. D 

4. Central Limit theorem for a pure jump martingale 

The aim of this section is to prove a Central Limit theorem for a stochastic integral with 
respect to the compensated Poisson random measure Ng^dt^dy) — fig{dy)dt in our context of 
finite intensity measure. This result is an extension of the multidimensional Central Limit 
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theorem for stochastic integrals with respect to a Brownian motion (see [13,, Proposition 
1.21]), and with respect to a process of Poisson type (see |12i Theorem 4.5.4.]). As mentioned 
before, this result is needed in the proof of Theorems 12. 21 and 12. 31 Recall that a Central Limit 
theorem for multivariate martingales was established by S0rensen in |21i Theorem A.l], as 
an extension of the Central Limit theorem for one-dimensional martingales [3l Theorem 2] by 
Feigin. As explained in Remark 12. 4^ we are assuming condition ( A6) instead of hypothesis 
1 in j2lt Theorem A.l] or (J.l) in [15| Theorem 1], which in particular implies (J. 3) in |151 
Theorem 1]. 

Theorem 4.1. Assume hypotheses (Al), (A4), (12. 3p and (A6), and that the function 
^{9,x,y) is differentiable with respect to 6. Consider the square integrable martingale 

Mrie) = [ [ u'ipT{e)Veln{^{e,Xt^,y)) {Ne{dt,dy) - Mdy)dt) . 

Jo JR^ 

Then, for all u E M , as T ^ oo, 

MT{e)''^K''T2{e)^i^M{(),h), 

uniformly in 9 ^ Q, where M{0,lk) is a centered M. -valued Gaussian variable independent of 
r2{9), the matrix from condition (A4). 

Proof. Consider a Poisson random measure Ng{dt, dy) on [0, T+l] x Mq with intensity measure 
'jlg{dy)dt defined as 



He{dy)dt 



' fig{dy)dt, 
1 



-fig{dy)dt, 



0<t<T, 

T <t<T + l, 



where ipi^xid) denote the entries of the diagonal matrix ipxiO). 

We also consider the predictable process /i : x [0, T + 1] x Mq x il - 

'u'Md)^eln{^{e,Xt-,y)), 0<t<T. 



given by 



u'^T2{e)u 



h{9,t,y) _ 

where recall that X{6) = J^d l^e{dy) < oo, Pg-a.s. 
We next introduce the stopping time 



1/2 



T< t< T+l, 



TTie) = mi\t>0: I I \h{e,s,y)\^Mdy)ds>u'^T2ie)u}. 
^ Jo JRi ^ 



Then, for all 6* G 9, tt{9) G [0,T + 1], P^-a.s., since 
f-T+l r rT 



\hi&,s,y)\ fj.eidy)ds 



Jr^ 



uVWVeln(*(e,X,„,y)) fie{dy)ds 



+ / / urn ^ ^2(^)n-^ ; 

> u'^r2{9)u. 



2 (6) 



fieidy)ds 
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Consider now the stopped stochastic integral given by 



HMe)) 



Trie) 



K^,s,y) (Ne{ds,dy) - fi0{dy)ds) . 



For t G [0, T + 1] and u G M, we introduce the stochastic process 



Urit) = exp{iv I / h{e, s, y) ( Ne{ds, dy) - fj.e{dy)ds ) + — 



Jm^ 



.,2 rt 



JR^ 



\h{9,s,y)\^ fig{dy)ds 



Then, by Ito's formula 



Urit) = 1+1 f Uris-) (e™'^(^'^'2') - l) (iV,(ds,dy) - Mdy)d^ 



Jr^ 



+ 



^ivh{0,s,y) 



1 -ivh{6,s,y) + y |/i(6', s,y)| ) ne{dy)ds. 



I I UTis)(e 
Jo JR^ \ 

Now, from the definitions of r := tt{0) and Ut{t), it yields that 

h{9,s,y) (Ne{ds,dy)-Mdy)ds) I = C/TMe-^""^^^^)". 

\ / I 



exp < IV 



Taking expectation in both sides of the last equality, we get that 



^/(r)(w) = Ee 



UT{T)e 



-2^u^r2(9)u 



(4.1) 



where $y(u) denotes the characteristic function of the random variable Y at the point v £ 
We are now going to show that for all w G M, 



lim ^i(r){v) = Eg 



e 2 



^u^r2{e)u 



(4.2) 



uniformly in ^ G 0. By (|4.1|) . it suffices to prove that for all w G M, 



lim 



Efl 



(C/T(r)-l)e-V"^r2(e)n 



uniformly in ^ G 0. 
Observe that 

{Ut{t) - 1) e 
= e 2 



'^u^r2{e)u 



2^u^r2{e)u 



Ut{s-) (e^-''(^'«'2/) - l) {Ne{ds,dy) - Mdy)ds 



+ e''^"'''^2(e)n 



JRf^ 



Ut{s) e^'''^(^'^'^) - 1 - ivh{e,s,y) + ^ \h{e,s,y)\']Mdy)ds 



Taking expectations in both sides of the last equality, we get that 



Efl 



{UT{r) - 1) e 



'-u^'r2(e)u 
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<Efl 



e 2 



^u^r2(e)u 



\UTis)\ 



^'^'^^'^''y^ - 1 - tvh{9,s,y) + ^\hie,s,y)\' 



fie{dy)ds 



Using the following inequalities, valid for all x € M, 

1 



x^. 1, 



e'-^ -l-ix\ < -X , and e - I - ix + —-\ < -\xr, 
2 2 o 

and the fact that |[/t(s)| < e^" ^2ie)u ^^^ ^y[ s < t, we obtain that, for ah e > 0, 



Eg 

<Ee 



(t/^(^)_l)e-¥-^r.(e). 



JM.^ 



Jvh(e,s,y) 



l-ivh{e,s,y) + — \h{e,s,y)[ 



He{dy)ds 



^''"'^'^''y'^-l-ivhie,s,y) + '!^\h{6,s,y)\' 



_ g 6 



X {'^{\vh{e,s,y)\<e} + l{|i)h{6»,s,j/)|>£}) lJ'e{dy)ds 



\K^, s, y)f'i-{\vhie,s,y)\<e}f^e{dy)ds 



+ V^Eg 



<^eEe 
o 



+ v'^Ee 



+ v'^Ee 



<^eEe 



+ t;^ 



l^(^, s, y)pl{|^h(e,s,y)|>€}Ate(t^y)'^5 



\K^,s,y)\'^l^ie{dy)ds 



^+^ /■ nti^^_^(0) ^ 



T JRg -^(^) 



nT2(6')'ul 



-P 2 

n (^TWVeln(^(0,Xt_,y)) l{|„„T^^(e)v,in(*(eA_,j;))|>.}^e(rfy)ds 



l^e{dy)ds 



u^T2{e)u 



+ v'Ee 



v/A(?y I 2^ / I _ I I 



Efl 



n^V^T^Ve In (^(0,Xt_,y)) 



1/U,T 



{\u^ipT{e)Ve\n{'9{e,Xt-.,y))\>e} 



^{e,Xs-,y) 



dyds. 



Hence, hypothesis (A6) and the fact that ipi^xid) tends to zero as T — >• oo, conclude the 
proof of (USD • 

We next consider the events A = {u : t{uj) < T} and A^ = {uj : t{uj) G {T,T + 1]}. Then, 
for any 6 > and e > 0, by [H Lemma 4.2.8] and the definition of r, we have that 



snpFe{\MT{0)-I{T)\ > 6} 
6>ee 
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sup Pe 

eee 



T+l 



K^,t,y) {l{t<T} - l{t<T}) [Ne{dt,dy) - fig{dy)dt 



>6 



< -^ + supPe 
'J 6»e0 I ^0 



T+l 



-^ + sup Pg 

<J eee I ^o 



T+l 



l^(^,i,y)l^ |l{t<T} - l{t<r}l/«e(c?y)di > 



|/i(^,*,y)P (l{t<T} - 'i-{t<T})l^eidy)dt > e,A 



supPel / |/i(6l,t,y)|^(la<ri - lrj<^i)/ie(dy)(it > e,r = tI 

eee [Jo JRg 1 - / 1 - / J 



+ sup Pe 
eee I Jo 



T+l 



|/i(0,t,y)r (l{t<r} - l{t<T})Mdy)dt >e,A^\ 

= -^ + supFe \ {M{e))T - u^T2i9)u > e,A} +supPe \u^T2{e)u- {M{9))t > e,A4 
0^ eee •- J eee •- J 

< ^ + supPJ (M(0))t - u^r2(0)u > e| . 



eee 



Therefore, choosing e = 5^ and using hypothesis (A4), we get that 

supPe {|MT(e) - /(t)| >5}<6 + supP^ | (M(0))t - u^r2ie)u 
eee eee •- 

which shows that 

P,- Hm \MT{e)-I{T)\=0, 

uniformly in G G. 

Finally, ([42]) and ([O]) imply that for all v £R, 



'} 



>S'^\ < 26, 



(4.3) 



e 2 



^u'^r2{e)u 



uniformly in ^ G 0, which concludes the desired proof. 

5. LAN PROPERTY FOR ERGODIC DIFFUSION PROCESSES WITH JUMPS 



D 



In this section, we seek sufficient conditions in order for the LAN property to hold when 
the diffusion process with jumps X^ (II. ip is ergodic, as a consequence of Theorem 12.31 

Let X^ = {Xt}t>o be the solution to equation (jl.ip . that is. 



Ai = Ao+ I a{6,Xs)ds+ I a{Xs)dBs+ I I c(0,A,_, 

Jo Jo Jo JRi 



z){pe{ds,dz) — VQ{dz)ds). 



Recall that we have rewritten this equation as 



where 



Ai = Ao+ f b{e,Xs)ds+ f a{Xs)dB,+ f f yNe{dt,dy), 

Jo Jo Jo JRf^ 

b{e,Xt) = a{9,Xt)- f yMdy), 

jRi 
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and NQ{dt,dy) is a Poisson random measure on M+ x Mg with intensity measure iJ,g{dy)dt = 
^{e,Xt-,y)dydt. 

As is well-known, X is a homogeneous Markov process (see fH Theorem 6.4.6]). Let us 
introduce the ergodic assumption. 

(CI) The process X^ is ergodic, that is, there exists an invariant probability measure 7:g{dx) 
such that as T — )- oo, 



1 / g{e,Xt)dt^ [ g{9,x)7Tg{dx) 
J- Jo Jr'' 

for any vrg-integrable function g, uniformly in 9 G Q. 



Several examples of ergodic diffusion processes with jumps are given in [16], [T7], and 
|23j . Moreover, results on ergodicity and exponential ergodicity of diffusion processes with 
jumps have been established by Masuda in [16l|T7]. However, in these papers ergodicity and 
exponentially ergodicity are understood in the sense of [18], which both are stronger than the 
ergodicity in the sense (CI). 

We next show the following consequence of assuming that X is ergodic. 

Lemma 5.1. // assumptions (Al), (A2), and (CI) are satisfied, then assumptions (A3) 
and (A4) hold with ipT{9) the diagonal matrix with entries equal to -j=, and 



Ti{e)= / (Veb{e,x)f{a'\x)fa-\x)VeHe,x)Tre{dx), 
r2{9)= [ [ Veln^{9,x,y){Veln^{e,x,y))'' fie{dy)7re{dx). 



Proof. By ergodicity, as T — ;■ oo. 



ly {Veb{9,Xt)f{a-\Xt)ya-HXt)Veb{9,Xt)dt^T,{9), 

^f [ Veln^{9,Xt^,y){Veln^{9,Xt-,y)ffie{dy)dt^r2{9), 
-L Jo Jr^ 

which implies the desired result. D 

As a consequence of this result, we have the following immediate consequence of Theorem 



Theorem 5.2. Suppose that conditions (Al), (A2), (A5), and (CI) are satisfied, and 
(A6) holds with '^t{9) the diagonal matrix with entries equal to —i=. Then the score function 
is asymptotically normal uniformly for all 9 £ Q with asymptotic Fisher information matrix 
T{9). That is, as T ^ oo, 

^VeiT{9)''^^Af{0,r{0)), 



uniformly in9 £ Q, where M (0,r (9)^ is a centered M.'^ -valued Gaussian variable with covari- 
ance matrix T(9) . 

We next derive the LAN property. For this, we need the following additional assumptions. 
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(C2) For all ueR^,asT ^ oo, 



u 



a-\x) [b[e+-j=,x\-h{e,x)-Veb{e,x) 



TTg(dx) = o 



T r 



uniformly in ^ G 0. 

(C3) For all n G M'^, as T ^ oo, 



// 



'■^[0 + -^ x y) T \ /I 

^(g;^'^)' - 1 - ^V,ln(M/(0,x,y)) j f^e{dy)Mdx) = « (^ ) , 



uniformly in ^ G 0. 

We next state the main result of this section. 

Theorem 5.3. Suppose that conditions (Al), (A2), (A5), (CI), (C2) and (C3) are ful- 
filled, and (A6) holds with (/Jt(^) the diagonal matrix with entries equal to -j=. Then the LAN 

property holds for all 9 ^ Q with rate of convergence yT and asymptotic Fisher information 
matrix T{9), that is, for all u G M'^, as T ^ oo, 



dP 



log' 



e+J^ £(P,) ^T_^(o^p(^)) _ i^Tr(^)^^ 



dp 



T 



where M[0,T{9)^ is a centered M. -valued Gaussian variable with covariance matrix V{9). 



Proof. By ergodicity, as T — )• oo, 

r 

T 



^- £ ^a-Hx,) (^b{9 + ^,Xt) -bi9,Xt) -Veb{9,Xt)^^ 



dt 



a-\x) b{9 + -^,x) - b{9, x) - Vgb{9, x)^ 



Vf 



Vt 



■JTg{dx) 



which, together with (C2) gives (A7). 
Again by ergodicity, as T — )• oo. 



1 



"^ 



{9 + ^,Xt,y) 1 



^i0,Xt,y) 



Velni^ {9, Xt,y)) 



1 



^{9,x,y) 



l--=u''V0ln{^{9,x,y)) 
V J 



fig{dy)dt 
fJ'e{dy)TTe{dx), 



which, together with (C3) gives (A8). 

Then, the desired LAN property follows from Lemma |5. II and Theorem [27 



D 



As a consequence of the LAN property, an asymptotic lower bound for the variance of any 
family of unbiased estimators can be obtained. More precisely. 
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Theorem 5.4 (Minimax theorem). [71 Theorem 12.1] Suppose that the family of proba- 
bility measures {Pj)g,^Q satisfies the LAN property at a point 0. Let {6t)t>o ^e a fam- 
ily of estimators of the parameter 9 and Z : M'^ — )• [0, +oo) be a loss function of the form 
l{0) = 0,l{x) =l{\x\) andl{\x\) < l{\y\) if \x\ < \y\. Then 

lim lim inf sup Eg 



U^:^ {<^){9t-9')) >Ee[l{Z)], 



where C{Z)=MiO,T{9) 



-i\ 



In particular, when we take the quadratic loss function l{u) = |itp, the above inequal- 
ity gives an asymptotic lower bound for the covariance matrix of any family of unbiased 
estimators, which is given by T{9)~^. 

6. Examples 

In this section we consider the following particular case of equation ()1.2p . which is the 
following 

Xt = Xo + 9i [ Xsds + aBt+ [ [ yNg.ids, dy), (6.1) 

Jo Jo JRo 

where Xq is a random variable with finite second moment, o" > 0, ^ = (^1,^2) G O = M x 
where is a open subset of M'^~^, for some integer k > 1, Ne,^{ds,dy) is a Poisson random 
measure on R_|_ x Rq with intensity measure fig^{dy)dt = f{92, y)dydt, where / : B x M — )• M_|_ 
is a Borel function such that f{92,{0}) = 0, and < A(02) := /jj f{S2-,y)dy < co, for all 
^2 £ 0- We also assume that / is differentiable with respect to 6*2, and that / and Vg^f are 
continuous in ^2- 

Let us now consider the following cases: 

Case 1: a = 0, 9i = 0. 

The term from condition (A4) writes as 

T / (n'^(^T(^2)Ve, In if {92, y))) ' f{92,y)dy, 

for u G M.''-'^. 

Assume the folllowing conditions on the Levy density /. 

(HI) For all ^2 G ©, 

VeJi92,yKVeJ{92,y)V 



f/a \ dy < 00. 

f[h,y) 

(H2) For all u G M''~\ as T ^ cx), 

f{92 + ^,y) 1 ^ ' n 

—FTwA 1 - ^^^ Ve, In (/(02, y)) /(^2, y)dy = o 

j[^2,y) 

uniformly in 02 G Q. 



T 



23 

Then, assuming (HI) and taking 9?t(^2) as the {k — 1) x {k — 1) diagonal matrix with 
entries equal to — -=, we get that conditions (A4) and (A5) hold for all T > with 

f ^^ r v„,/(fe,.)(v„/(fe,.))T 

Jro f{^2,y) 

which is a positive definite (k — 1) x (k — 1) matrix for all 02 S G. 

Moreover, condition (A6) is satisfied for all 62 ^ @ since for all e > and u G M^~^, we 
have that as T — )• 00, 

uniformly in ^2 £ ©• 

The score function is given by 

VejT{02) = [ [ Ve, In (/(^a, y)) (A^e^ {dt, dy) - fie, {dy)dt) . 
Jo JRo 

Then, under condition (HI), Theorem 12 . 21 implies that the score function is asymptotically 
normal with asymptotic Fisher information T2{02)- Moreover, assuming additionally condi- 
tion (H2) we get that the family of probability measures (Pg )ege has the LAN property with 
rate of convergence vT and asymptotic Fisher information matrix T2{(^2)- 

A particular case, when X is a one-dimensional Poisson process with intensity X{9), where 
@ is an open subset of M, the LAN property holds with rate of convergence vT and asymptotic 
Fisher information r{6) = xtF)' 

Case 2: a > 0,01 > 0. 

Taking the diagonal entries of the k x k diagonal matrix ipxiO) as ipi^xiG) = —7^ for i = 
2, ...,k, and assuming (HI), we get that condition (A4) is satisfied with 

^^(^)=(o f2(°^2), 

where T2{02) denotes the {k — 1) x (k — 1) matrix defined in (I6.2p . 

Recall that, by Ito's formula, the unique solution to equation (j6.ip is given by 

Xi = e^i% + cj / e^i(*-^)dB,+ / [ e^^^'~'^yNe,{ds,dy). (6.3) 

Jo Jo Jro 

Suppose now that pi := f^ y^0^{dy) < cxd and p2 := f^ y'^p,0^{dy) < 00, for all 62 G 6- 
By Ito's formula, we have that 

X? = e^'^'xl + 2pi f e'^^'-'^Xsds + 2a f e'-^''^^ X.dB, + {a^ + P2) f e^'^^'-'Us 
Jo Jo Jo 

+ f j {2e'^^'-''^yXs + e^'^^'-''^y'){Ng,{ds,dy)-p0,{dy)ds), 
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and notice that 

Thus, we have that 

E,[X|] = e^'^'ml] + 2/>i (e[Xo] + I) e^^H + ^ (l - e^^*) - ^^ (l - e^^^* 
from which we deduce that 



+'if-^«r;^^f r™^^'^^°' 



Next, we write 

ft 



JO ^0 JO JM() 

Now, consider the martingale 



g-9it _ 1 

Mt = e-'^'Xt - Xo + pi 

PI 
t ft 



= a / e-'^'dBs + / / e-^i^y {Nq^ (ds, dy) - fie, idy)ds) . 
Jo Jo JRo 

Observe that {Mt,J-'t}t>o is a zero- mean square integrable martingale since 

p-2Bit _ 1 „-2eit _ 1 rr2 -U no 

for all t > 0. Hence, the martingale convergence theorem implies that Mt converges almost 
surely to the random variable 

M^ = a e-'^HBs + / / e-'^'y {Ne, (ds, dy) - pe, idy)ds) , 
Jo Jo JRo 

as t — 7- oo. Thus, e~^*Xi converges almost surely to Xq + f^ + M^o as t — )■ oo, which implies 

Oi 

version of the Toeplitz lemma, one gets that 



that e 26'it^2 converges almost surely to [Xq + f^ + M^o ) as t — )■ oo. Using the integral 



as t — 7- oo, which implies that as t — t- oo 



Kj^^fx^ + f^ + AlS. 



,-».£x,^..^ _!_(;,„+ 1 +M.)^ 
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Hence, taking ipi^xi^) = e ^^"^> that is, y?T(^) = diag(e ^^'^ , -4=, . . . , ^), and from (j6.4p . 
we get that condition (A3) is satisfied with 

r,w=[2^(^° + t + ^-)' 

Assuming additionally condition (H2) and applying Theorem I2.3| the LAMN property 
holds with (/'t(^) = diag(e^^^"^, -4=, . . . , -j=) and asymptotic Fisher information matrix T{9) = 
Ti{9) + T2{9), which is a positive definite matrix. 

Case 3: a > 0, ^i < 0. Recah that if 

/ ^og\y\^ig^{dy) < oo, (6.5) 

J\y\>2 

for all ^2 G 0) A is ergodic with a unique invariant probability measure Trg{dx) which can 
be calculated explicitly (see |20l Theorem 17.5 and Corollary 17.9] and |161 Theorem 2.6]). 
Therefore, by ergodicity, we have that as T — )• oo, 

1 r X'^dt^ [ x\g{dx). (6.6) 

-f Jo Jk 

Proceeding as above, we have that Xt converges almost surely to the random variable 

Xoo = -^ + <y r e'^'dBs + r I e'^'y {Ne,{ds, dy) - fie,{dy)ds) , 
^1 Jo Jo JKo 

as t — ;■ oo. Again, by ergodicity, we have that as T — ;■ oo, 

^£x?dt^Ee[xl]. 

Notice that 

E.[xy=li.„E.[X?]=f-^. 

Hence, we deduce that 

xMdx) = ^-^^. 

Then, assuming conditions (HI) and (H2) and applying Theorem 15.31 the LAN property 
is satisfied with rate of convergence vT and asymptotic Fisher information matrix 




Case 4: cr > 0, 6*1 = 0. 

Proceeding as above, one obtains the LAN property with rate \fT and asymptotic Fisher 
information r2(^2)- 

Next, we are going to study the asymptotic properties of the maximum likelihood estimator 
(MLE) of the parameter 9 for the parametric model ()6.ip in the case that o" > and ^i 7^ 0. 
In particular, we show that the MLE of 9\ is asymptotically efficient. 
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Note that the MLE 6t = (^i,T;^2,t) of satisfies the fohowing equation 

\/g£T{0) = [ —dWt +11 V,ln(/(02,y)) {NeM.dy) - fieAdy)dt) = 0, 
JO ^ Jo JRo 

where the process W = {Wt,0 < t < T) is an {J-t,0 < t < T)-Brownian motion under Fg. 
Moreover, under Fg equation (j6.ip writes as 

Xt = Xo + 9i f Xsds + aWt+ I I yNe,{ds, dy). 
Jo Jo JRo 

First observe that the MLE 9i^t of the drift parameter 9i satisfies the following equation 

- / XtdWt = ^ [ Xt(dXt-9iXtdt- I yNe,{dt,dy)] =0, 
o- Jo o- Jq V Jro J 

which yields that under Pg, 

ll XtdXt- ll \^^XtyXe^(dt,dy) a J^ XtdWt 

"l,T = -q^ = 9l + 



loXfdt J^X^dt 



1 



When (9i > 0, set ri,i(6') := ^^-3— [Xq + f^ + Moo ) • We then have that as T -^ 00, 



e^^^ I fiT 



> e-»TjTxfdt 



When ^1 < we assume (|6.5p and set ri^i(6') := -^ ( —^ — ) . Then, as T — )• 00, 

"' \ 9i 29i J 






rwV2jr- ^AA(o,r,,(^n 



Consequently, we conclude that the MLE 9ix of 9i is asymptotically efficient for all 9i 7^ 0. 

Next, notice that the MLE 02,T of ^2 satisfies the following equation 

rT 

Ve, In if (92, y)) [Ne, {dt, dy) - fig, {dy)dt) = 0, (6.7) 

which states that the solution ^2,T depends on the Levy density /. We shall consider here 
the following two particular cases. 

When (Jq Jjg, yNg^[ds^dy))t>Q is a Poisson process {Nt)t>o with intensity ^2 > 0. In this 
case, the solution to equation (j6.7p is given by 



_ Nt 
By the Central Limit theorem, as T — t- 00, 



^2,T J, 



T ( 02,T - ^2 ) = VT ( ^ - 02) "^^ M (0, 02) 
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Thus, in this case, as T — )• oo, the MLE Ox satisfies 



with 

which implies that Ot is asymptotically efficient. Moreover, 6t is regular since for all 9 £ 

Mn X e, 



^^\9) (Ot -e)= ^^\9) {Vee{9))T' ^elriO). 



We next consider the case where the Levy density f(92,y) takes the form — e ^'"Ico oo){y) 
with A,a > and 02 = (A, a). In this case, solving equation (|6.7p . we find that the MLE 
02, T = (At, ot) is given by 

7 Nt , „ So lRoy^02{dt,dy) 

At = -;^r: and ax = — tz , 

T ' Nt 

where Nt is a Poisson process with intensity A. From the Central Limit theorem, we have 
that as T — )• oo, 



Vr(AT-A)^-^^AA(0,A). 
Moreover, applying the Central Limit theorem 14.11 we obtain that as T — )• oo. 



Vf {ar - a) = ^^ 1^ ^ (y - a){Ne,{dt,dy) - fie,{dy)dt) ""-^^ Af U y") . 

Hence, we conclude that as T — )• oo, 

ip^H9) [9t - 9) ""-^^ r{9)-^/^MiO,h) , 



with 



l.l(^) 


1 








1 

A 











A 



Ti9) 



which implies that Oj- is asymptotically efficient. Moreover, 8t is regular since for all 9 £ 

Mo X e. 
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